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Abstract. In a static resistive medium, a force-free magnetic field must decay exponentially with 
time while preserving the form of its field lines. This has been proven by Jette (1970) in an extremely 
complex way. In the present paper a simpler proof of the same result is given. 

1. Introduction 

A force-free magnetic field is one that satisfies 

cu r IB  × B = 0 (1) 

or, equivalently, 

curl B = ~ B  (2) 

with some scalar function c~. For a review on force-free fields see BostrOm (1973). 
From Eq. (2) and 

div B = 0, (3) 

it follows that 

grad c~. B = 0, (4) 

that is, the field lines lie in surfaces c~ = constant. 
In a static medium the time evolution of B is governed by 

0B  
Ot = - r / cu r l  2 B ,  (5) 

where r/denotes the magnetic diffusivity, which is assumed to be a constant. From 
Eqs. (5) and (2) one finds the equation 

1 0 B  
- grado~ × B - c~2B, (6) 

Ot 

which can be decomposed into two equations for the absolute value of B and the 
unit vector b in the direction of B, respectively: 
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(7) 

1 Ob 
- gradc~ x b. (8) 

Ot 

Eq. (8) shows that for a spatially constant c~ the form of the field lines does not 
change with time. Then c~ is also independent of time since it is a function of the 
field line geometry alone. Namely, from Eq. (2) it follows that 

B • curl B 
c~ - B2 - b .  curl b. (9) 

If c~ is a constant, the solution of the system of Eqs. (2) and (5) (Eq. (3) is 
automatically satisfied in this special case) takes the form 

B = B0 exp(-r/c~2t), (10) 

where B0 is the field at time t = 0. 
Now it has been shown by Jette (1970) that a force-free magnetic field in a 

resistive medium at rest can remain force-free in time only if c~ is constant in both 
space and time. For his proof he used two additional equations which are obtained 
by differentiating Eq. (1) (or Eq. (2), respectively) twice with respect to time. 

Jette's proof, in which only locat algebraic and differential operations are used, 
is extremely complex and hard to follow. Therefore Lo Surdo (1979) has given 
arguments to derive the same conclusion by considering the initial-boundary value 
problem for a force-free magnetic field in a finite volume. In the present paper once 
more the local problem is considered to give a simplified version of Jette's proof. 

2. Proof of the Constancy of a 

In the following we use notations A and fl defined by 

A = curl (grada × B),  (11) 

A . B  10c~ 
B-~ B ~ - 7 l o t '  (12) 

where the equivalence on the right of Eq. (12) is obtained by differentiating Eq. (9) 
with respect to time. 

Differentiation of Eq. (1) with respect to time yields by using Eq. (5) the five 
equivalent equations 

curl3 B × B = curl2 B × curlB, (13) 
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curl 3 B - o~ curl 2 B = /3B,  
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(14) 

A × B = o~ß2 grades, (15) 

B x (grad e~. V)B = 0, (16) 

(grad a .  V)b  = 0. (17) 

For the derivation of Eq. (15) the relation 

curl2 B = grad c~ × B + o~2B, (18) 

which follows from Eq. (2), can be used. Eqs. (16) and (17) may be obtained by 
using the vector identity 

curl (gradc~ × B) = -2(grad c~. V)B - (Ac~)B - ct(grado~ × B). (19) 

They were first derived by Jette and Sreenivasan (1969) and show, as noted by 
these authors, that b is constant along the grad c~-lines (this is particularly seen from 
Eq. (17)), so that each grad c~-line lies in a plane, namely the plane perpendicular 
to its b. 

The left of Eq. (14) is divergence-free, as is seen using Eqs.'(18) and (4), and 
SO 

grad/3. B = 0, (20) 

which is already obvious from Eq. (8). From Eqs. (17) and (8) we further see that 
besides c~, and ~q also (grad cQ 2 is costant along the b-lines: 

b -  grad (grad ct)2 = 2b-  (grad c~. V) grad c~ 

2b (gradc~ V ) ( - l b  
Ob 

= " " ?] × Õ{) (21) 

Ob 
= - 2 b .  (b × (grada • v ) Õ ~ )  = o. 

77 

By differentiating Eq. (13) with respect to time and using Eq. (5) we get as a 
further equation 

curl 5 B x B + 2curl 3 B × curl 2 B + cur lB × curl 4B = 0, (22) 

which can also be written as 
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curl3(grad o~ x B) x B - 2(grad(gradc~) 2 × B) × B +  
(23) 

+c~ curl2(grad c~ x B) × B = ( B .  curl (gradc~ x B) )grad  «. 

By using in particular Eq. (15) in the form 

A = / 3 B  - c~(grad c~ x B) 

and the vector identity (19) with c~ replaced by/3, Eq. (23) can be brought into the 
equivalent forms 

2B x (grade/• V ) B  = - B  2 grad(grad c~) 2 + / 3 B  2 grad c~, (24) 

2(grad/3 • V ) b  = b x grad(grad c~) 2 - / 3 b  × grad c~. (25) 

On the other hand, by differentiating Eq. (17) with respect to time we get 

2(gradB.  V ) b  = b × grad(grad c~) 2. (26) 

Comparing Eqs. (25) and (26) we see that 

B(b x grad c~) = 0 (27) 

and, where grad c~ ¢ 0, 

/3 = o. (28) 

That is, c~ and the grad a-lines are independent of time. Then by differentiating 
Eq. (9) with respect to time and using Eqs. (8), (11), and (12) we find 

Ob 
curl b • 0-7 = 0 (29) 

1 Õb 
(grad r-n- 7 x b ) -  = 0, (30) ö7 ItJl 

1 
grad c~ • grad I ß / =  o, (31) 

which shows that IBI is costant along the grad cMines. According to Eq. (7), at 
each spatial point Iß l decreases exponentially with time. It can remain constant 
along a grad oMine only if the value of c~ is the same along this line, that is, if 
grad c~ = 0. 
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