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1. Intreducgtion

Magnetic fields play s key role in solar physics snd in solar sctivity in particuler.
The great variety of phenomens, evente, and structures obssrvad in the solar atmsosphers
is aasinly due to the interaction between the magnetic field and tho'turhuh,nt solar
plasmsa with its motions such as convection snd diffarential retation. In order to uader~ _
stand the physical mechanisas of any of tha phenomena it is necessary to know the under-
lying magnetic field structurs, The magnetic fisld even represants the interdependence
between the different phenomena of solar physice providing for the necessery unifléliion.,

In situ measursmsnts bf soler magnetic fields by means of magnetomsters ars possible,
but only in the sxtension of the solar corons, that is to say in the interplsnstary
medium: When the solar wind is blown out fros the Sun, the coronal msgnetic field is
carried out into the space to form the interplanetary fisld with the shape of an '
Archimedian spiral, Thip field may be directly l.!.ﬂf.d-by satellites st the orbit of the
Esrth, but messuressats have slready been carried ocut inside the orbit eof Mercury by '
Heliocs ss well me bsyond the orbits of Jupiter end Saturn by Pionesr and Voyager spage-
oraft, !
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Elsctromagnetic weves at different wavslengths carry information on magnetic field
structures from the layers oithtireulaslon nn? transport, thus providing for the
poesibility of indirect messuraments. Such methods require the knowledge of the basic
aschanisms of weve emiseion and transfer and their dependance on the magnstic field,
that is to say the reliability of sugh wmethods depends more or less on the sssumed models
and theories.In Section 2. important methods of indirect magnetic fisld measurements
will be shortly reviewsd. We shall ees that the informetion from such observations
remsins incomplete, and methods of theoreticel intérpelation and extrapolation of such
data ars needed in order to get a more complete picture of the soler magnetic field
structure snd dynamics. A review of such methods will be the main purpose of tne
following sections. By no means we intend to survey all published extrapclation
precedurasor special magnetic field models, rather we shall cutline some of the frequent«
ly used sxtrapolation methods in order to enable a comparison with those methods which
are baing developed and applied to observations in ouf institute.

2. Methodo to measure solar magnetic fiolds

various methods for studying solar magnetic fislds have been reviewed in the last
decede, e, g. in papers by BECKERS (1971), STAUDE (1974}, and yecently by STENFLO (1978).
Hers we shall only summarize some of the most important methods with regard to their

. aapability of providing reliable information on the magnetic field atructure at different

levels of the solar atmosphere. Such information is required as boundary conditions and
gonstraints to the theoreticel models and the interpolation and extrapolation methods
.described in the subsequent sections.

2.1. ZEEMAN effact

Opticel pblarization messuremegnts in spectral lines are the-noet direct way to measure
asclar magnetic fields. The ZEEMAN effect causes magnetoactive lines to split into several
differently polarized components, the distences of which are proportional to g A2 (g 1a

. the LANDE factor, A the wavelength, and @ the magnetic field strength), the relative

‘tntensities snd states of polarization depending on the direction of tha magnetic field
vector B, that is to say on the angls 4 between the line of sight end E‘and on ths
azimpth sngle g of B. :

1f the ZEEMAN splitting AJRB ig not too small as compared with the line width, it say
be directly measured by visual or photographic msthods as it hss bsen done already by
HALE {1908), but unfortunately this is only possible for photospheric concentrations of
relatively strong fielde such ss in sunspots., Bacauss the line width is mainly determined
by the DOPPLER width A}.,D of the line absorption coefficient and A).D-v). , we have
AAg/AA D«'), , and splittings sre more prosinent in the infrared than at shorter wave-
lengthe. Due to technical difficultiss such messurements in the infrared have bssn
carried out only recently (HARVEY, 1977).

More complete information 1s dbtained by spectropolarimetry of the line contour as it
is done in photoelectric magnetographp, Usually & theory of line formatiocn in & magnetic
field 1s required in order te derive the magnatic field parameters from the measured
STOKES parameters describing the state of polarization in tha line. Reviawa of these
theorstical means have been given by STENFLO (1971) snd tAMB (1972). The theory is wall
slaborated for FRAUNHOFER linee formed at photospheric level so that LTE (locel thermo-
dynamic equilibrium) msy be assumad, see &. g. the review by WITTMANN (1974); Even in the
simplest case the measurement of all 4 STOKES parameters is connected with numsrous
instrumental difficultries such ns the disturbing influence of tristrusental polarizeticn
and ecattared light, moreovar, models of the atsospheric structure in the line-foraming
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reglons must be known (BACHMANN et al., 1975). The circular polarization V 18 in a firet
cppgnatnatioﬁ proportional to 8; = 8 coey for wesk B; it cen be messured with relatively
high accuracy and to some extent independently of the difficulties mentioned above,
allowing for a sensitivity of the order of 1 G aven at tha highest gpatial resolution
power of some arc seconds, Therefore messurements of the longitudinal megnetic field
camponant erat photospheric level provide ths most reliabls data till now available.

Swe to unrasolved magnatic field fine structures it is generally not possible even in
vhis simplest case to messure exact19 the magnetic flux or the spetial average of B, , but
sisultansous measurement in ceveral selected lines yield information on the real magnottc
¥ield strength and structure.

Heasursments of the two parameters of linear polerization are additionally necessary
to derive the full megnetic vector, but thie is much more difficult: The transverse
sagnetic field components enter the snalysis as & second order effect resulting in a
sensitivity two orders of magnitude smeller for weak transverse filelds as compared with
8; , morecver, the disturbing influences of Earth atmosphere, instrumentation, and
uncertainties in the models now cause smuch more trouble. Good data on the full vector B,
are therefore scarce, but in principle methods are known how to overcome at least some
of these difficulties (BACHMANN et al., 1975), and improved techniques will sursly help
to obtain more rsliable data on B in the future.

Magnetic field studies at highar levels of the solar atmosphere (chromosphsre and
corona} are still more complicated. In the visible spectral range also the strong FRAUN-
HOFER lines such as the BALMER lines are not only formed in the chromosphere, but contain
a large amount of photospheric light especially in the wings, where usually magnetic
field measurements are sarried out {SCHOOLMAN, 1972; ZELENKA, 1975, see also Subsection
2.34)s The Uifficulties ere furthermore increased by numerous blends with photospheric
lines in the winge of such strong chromospheric lines. Moreover, the theory of line
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formetion is now much mom compliceted because non-LTE effects and strong inhomogensities
:- of the medium must be taken into account. Some problems of theoretical magnetograph ‘.
calibration under such difficult conditicns have been discussed in a separate reviaw
paper (STAUDE, 1980). More accurate data may probabiy be obtained by means of pura
chromospheric emission lines obsarved in the ultraviolet from spacecraft, Such polarimetric
meagurements from space were first obtained during the Solar Maximum Mission (SMM)
(TANDBERG-HANSSEN at al., 1981).

re
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is ’,

2.2. HANLE affect
& " Weak coronal magnetic fields cannot be measured by means of the ZEEMAN affect, but
here another effect offers an opporturiity to determina magnetié fields: Low particle
dansitiqsnrthat means small collisionel rates, and the anisotropy of the radiation field
favour re-emigsion by coharent scattering resulting in a net linear polarization in some
resonance lines. This resonance fluorescence or HANLE effect is caused by the interference
of overlapping megnetic sublevels, therefore the polarization depends on B, on the
quantum numbers of lower and upper levels of the transition, end on the geometry of the
scattering processe. At zero magnetic field the effect does not vanish but regults in
pure linear polarizstion similar to RAYLEIGH scattering,
At the Sun the effect shows waximum polarization outside and parsllel to the limb,
increasing with distance from it. A magnetic field parallel to the limb causes some
1" depolsarization and a rotation of the plane of polarization around ths magnetic field
direction. The gonditions to observe the effect are favourable for prominencee at the
he R liwb, therefores till now successful magnetic field measurements by means of thg HANLE
effect in the Hel D3 line heve been carried out for prominesnces only (SAHAL-BRECHOT et al.,
1977; LEROY, 1977). Ultraviclet observarions fros space will provide very probably HANLE
sffact measuremente in the near future as it has been proposed by STENFLO (1978}:
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ssbiguitiss in the derivation of the sagnetic fleld structure ssy be elisinated st least
partly by sisultanecus tbesrvations in differsnt lines (GOPASYUK, 1979). ;

2.3, ggd;@-o-;!!;on

‘Redistion in the visible snd near infrared-ranges of the solar spsctrum sre sostly -
-littnﬁ from the despest layers of the solar atwosphere, the photosphsre;-olsctro-
magnetic waves with larger wavelength, that is radio emission, originate in increasing-
ly higher layers of chromosphare (ms and cm), transition layer {dm) and corona (setre
waves). Emission and absorption as well ss propagstion of radic waves depend not only

".on deneity n and temperature T, but slso on the magnstio field B, therefors intensity

and polarization of the radio esission contain information onjkjn the considered
regions. Radic observations generally affer the advantage of a high time rasolution
power which is of great importance for sxplosive bursts, but it ie iore‘difficult to.
obtain a good resolution in space as comparsd with cbservations at ‘shartar wavelengths.,
This situstion‘will sumiey be improved in the nesr future: Large fnterferometars such as
RATAN, VLA, and Westerbark bscome aveilable alsc for solar work and yield redio maps
with a spatial resolution similar to optical observations at least in the microwave
region (KROGER, 1979},

*  For non-burst radio waves the mechanisms of generstion (mainly bro-sutrahlung from
thermel electrons and gyroresonance sbsorption.st large B) snd propagation ssem to be
wall known. This snables the comstruction of complex models for the radio auiiaion. 8. Q.
for the S-componsnt of active ragions, including the spatisl structure of‘g. n, and T,
the sssusptions on which may be tested by comparison of the csleulated snd o?.erved
smigeions {GELFREIKH, 1979: BROMBUSZCZ et al,, 1881s, b, 1982). Informetion on coronal
magnetic field structure may slso be obtatned from occultations of external radio -

.sources, &, g, the Crab Nebuls or a spacecraft behind the Sun, resulting in FARADAY

rotation or in scattering of radio waves st coronal irrsgularitiss, -

The most intense radio emission originates in bursts in connection with flare svents,
Ite dynapic spectra, that is the intensity or polarization depending on both time and
fresquency, contain important fine structures which are caused by very different effects
such as MHD shock waves, streams of fast slectrons or relativistic electrone gyrating
about 8. Generally speeking the burst radistion containe information on violent magnetic
field changes in the flars rather .than on the gensrsl structure of B before the flare.
The physical wechanisss of buret radietion ars far from being well established,
providing only order-of-magnitude estimates of B from the observed burst emission with
results stronly differing among one snother for the different theoriss under discussion.
The situation ceems to be most favourable for microwave bursts for which emission models
consisteant with readio end hard X-rey observations have been propesed (BUHME e al,,
1976, 1977), With incressing wavilength our knowledge of the relsvant plasma procesess
declines, being in need of independsnt information on B in order to test the proposed
modals by comparison with observations.

2.4, Contrast picoturee in the visible, UV, end soft X-rev reqions of the soler spectrym

Filtergrass taksn in selectsd spectrel lines or cgontinuum parts of the solar spectrum’
often show contrast festures which sesm to outline the magnetic field etructure; the
lattar conclusion say only be drawn fros compariecn with polserization measuremsnts which

.must be gonsulted for calibration and corroberstion. At photospheric ;ovil .trdng

sagnetic field fine etructures such as faculsr or supsrgranular network points appsar
bright sepscially in line cores, but larger flux concentrations in pores or sunspots
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‘are derk, With incressing height chromospheric and cordnsl leyers show a prencunced end.

disgrasté fine structuyre which ie very probably controlled by magnetié flux comgentra-
tions: Outwardly decressing gas pressurs and‘dunaity in spits of incressing tesparature
result in & predoninange of magnetio pressurs snd energy, while slesotric ‘gonductivity
ressins vary—li:go parallel to the msgnetic field. Pleema motions and all other transport
sechanisms such ss elsctric currents, therssl condugtivity, and MHO waves are canslized
by the magnetic fisld. If we slao take into sccount the ssell heat capacity it becomas
clesr how small variations in hn-ttnh mechanisss may result in strong locel effects.

The magnetic field will masinly be force-fres (sse Section 3. ), but smwall devimtions from
the force-free structure ars sufficisnt to result in a strong influence of the LORENRZ

_ forces on the plassa.

In'tho‘chro-osphore the contrest of faculas and supergranular boundariss incresees
with height, sunspots batome brighter. Genarally spssking chrowcspheric langitudinal
sagnatic fields appear bright in the_lines W, CalI H snd K, MgII h and k. and in Euv
lines, while Ha fibrils indicate the direction of tha transverse fislde. In the corons
closed magnetic fields eppear as loops of very different lengthe meinly in EUV and X-ray
lines, while large-scale structures of cpen diverging lines of force ars vieible as dark
coronsl holes. Aleo other etructures such as prominences and cOronal streamers ars
connscted with special sagnetic field structures, probably with current sheets.

The contrast pictures look quite different in the separate lines caused by the

diveree mechanisms of liha formstion sand radiative transfer. For instance, collisionally

cantrolled lines such as CeII K and K are mainly determined by local values of T and n,
the latter for their part baing determined by the magnetic field at higher levele of the
watmosphere, The situation is mors conplicnted for linee which are mainly controlled by
the external radiation field: Generally spesaking the problem bscomes non-local, but He
filtergrams - the most important contrast piotures till now availsble - clearly show the-
local influence df_g on the line contour. This may be due to different effects: The
profile of the line absorption coefficient may be modified by plasna streams and by
changes of thermsl and non-thermal turbulence in the nagnetic field. This will result in
changas of the source function and thersfore of the scsttering term, but also fraquency-
dependent changes of the optical depth scalas are posstble., The latter may alesoc be due to
& modified number of absorbing atoms in the considered feature (GEBBIE and STEINITZ,
1973, STEINITZ et sl., 1977). In sny case line-of-sight integration sffects in the in-
homogensous madiua rendsr much more difficult to locslize the features in the soler
atmosphere, but this also relates to other observetions such as polarizestion measure- .
merite. The problem may be partly solved by combination of disk and limb nb..rv.tion. and
sgein by simultanecus observations in differant lines.

3. ermination of the magnetic fiel the_ch r ¢ in tha coro

3.1. Intro tion; force-fr hara n

Since reliable magnetic fisld seasuresments are restricted to the photospheric level,
it sppears reascnable to compute the magnetic field 1n the chromosphere and in the coronas
from that messured in the phetosphers uoing physically reslistic assumptions.

‘Neglecking displacament currents {magnetchydrodynamic spproxisstion), one has for the
nagnotie induction B and the =tectric current density Js

VXemp, 3 | (3.1)

Representing the dlvlrgonuo-froe magnetic induction by a divergsnce-free vector potentisl
A_
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B=VxAa, V-A=0 (3.2)

- (3.,1) becoses

AA=-p i (3.3)

Thin ths magnetic induction at pusition P is given by

8 () .%_‘-’-f?x (%?%’3-"]') dv', (3.4)

Hers one can see that for e determination of the magnetic field the turrent density
distribution in all space {all contributing sources) is needad. The magretic field in the
aclar atmosphere is generated by both subphotospheric and stmogpharic alectric currents.
Only whan the magnetic field in » volume V is sxclusively generated by sources outside V,
for its detersination in V the knowledge of the current density distribution (outside V)

csn bs replaced by information on the magnetic field at the boundary of V: Then,

e o B min

L ’ VX‘E\-O ) (.3-5)

in V. ‘g‘can be represented by a scalar potential P

B=-Ve (3.6)
L which, becauss of V- 8 =0, sstisfiss the LAPLACE squation .
Ag-o. ‘ B (3.7)

g can ba determined from its normal component at the boundary of Vi A NEUMANN boundary
valus problem for the LAPLACE sgusation aust be solved. When, however, scurces inside V
gontribute to the generation of the magnetic field the (eventually implicit) knowladge
of the current density in V is needed. Therefore, the magnetic field in the solar
atmosphers can only then be determined from the photospheric magnetic field moasurssants
(without additional information or assumptions) when it is fully (or to good approxima-
tion) generated by eubphotospharic or photospheric sources. Surely, ths main solas
atmospheric magnetic field 1s caused by subphotospheric end photospheric currents. How-
ever, the existsnce of slectric currents in the chrososphere and in the corona is very
likely. Many sctivity phencmens seanm to bs connected with magnatic fisld structures
containing. extractable energy and with changes in these configurlttono. For example, it
is widely sccepted that tiares are caused by a release of stored magnetic energy. Since
the subphotospheric currents are assumed not to be influenced by flares, atmospheric
currente must exist as sourcea of the flare energy. .

under the condition that the magnetic pressure sxceeds the gas pressure npproe:-le,
which prevails in the solar atmoephere (STURROCK and WOCDBURY, 1967), the LORENTZ ferce
ijnhould lead to strong material scceleration. But in active regions such

sccelerations are exceptional (flares): over extended time pariode the development seeds
te be quasisteady. As a consequence, if appr-ulablu currents are present, these must be

. sligned with the magnetic field, since otherwise the resulting LORENTZ force could not be
bslsnced by nonmagnetic forces. Therefors,

jxB=0 (3.8)

L]

or, besosuse of (3.1),

VxB=ust. (5.9)
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The factor o is in gcnhnl- . function of position and time. of = O corresponds to the

potential field.
By taking the divargence of (3.9) it follows (t.klnq into sccount V- B = O)

Ve B = 0 _ , . {3.10)

1. ®., &« is & constant slong sach magnetic field 1iné or, the fiald lines lie in the
surfaces o = constant. In the cess of o = constant, by taking the divergsnce of (3.9),
it is seen that v. B = 0 1s automatically satisfied (except for o = O). '

‘As & measurs for that part of the magnetic energy which is transformed into heat
by JOULE dissipation (GAIL, 1969): The square of (3.9) is

(Vx 8)% =u? g%, ' ' (3.11)

Using (3.1) this becomes
1

o & .

dz = —P » ‘#—! - (3-12)

8 .
7 &

If t denotes the unit vector in the magnetic field direction, B - IBI * X. ons gets fros

(3.9) (¢f. BOSTROM, 1973) -

Vl&lx&-rlglvx;\!ulglf“ 7 (3.13)

and after scalar multiplicetion with ﬂs‘s
o =t Vuxt, (3.14)
. Anp AN

This shows that « is a simple function of the geometry of the field lines. It is @
seasure for the torsion of neighbouring field lines around sach othsr.

3.2. Practicsl representation of the magnetic field

Esch divergence-free field ~B“.
Veas=o, (3.15)
M~
can be repressnted as the. sum of a toroidal and a poloidsl part in the forms

g‘.-"s:VTr + O x (rxPr, or (3.16)
J-:xVT.oV:(szl’.). _ . (3.17)
respectively, by scslar function patrs Toe P, and T, Pgs Fespsetively {CHANDRASEKHAR,
1961, RADLER, 1974), &£ denoting the radius vestor and 3 & comatent vector.

In representing solar atmospheric magnetic fislds, in genersl, the considered volums
is that betwsen two spherical shells (with the exterior of s sphere as a spocial caas)
or it is a semi-infinite cylinder above pline bass {with the half space as 2 specisl
case). In the first cese the vee of (3.16) is adequate, in the latter thet of (3.17).

In 8 systes of Cartesian coordinates, x, y, Z, consider the representation (3.17) with

2= 0,0, 1): The generating functions P, T, mre not determined uniquely. Ths functions

3. s P+ Ref (xeiy, 2], oo {3.18)
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Te ™ L In ‘9_ t (x +« 1y, z) (3.19)

e f (% + 1y, z) is on snalytic function of (x + iy) with srbitrary z-écpondonco-gomnt-.

scoarding to (3.17), the ssme divergence-free fisld. (Thare are no further generating
function paifs than those given by (3.18, 3.19) (NAKAGANA and RAADU, 1972) ).
For o= const. (in (3.9)), ueing (3:17), one gets

2xViar 24P, » Vx(ox V(ePy = T)) =0. ‘ (3.20)
Hénce, X |

0w Pg=TomRe t (xe 1y, w5y | / ’ (3.21)
" and |

d-r.\sAp‘--;-z-x-f(xo:w).z) ' (s.éz)

{cf. NAKAGAWA and RAADU; 1972). One can show (SEEHAFER, 1979, p. 55) thst the choice

"f = 0 1s possible without loss of generslity. Then it follows thet & constant-o force-

free magnetic field can be representsd in ths form
BaasxVPe Vx(axVpP , ' (3.23)
L] HRR, A .

by a sclution P of the scaler HELMHOLTZ equation

2

AP+a“r =0, (3.24)

The possibility of the analegous representstion
B--drIVP-f VK(I‘H?P ; (3.25)-

by solution P of the HELMHOLTZ equation hee, for example, basen shown by RADLER (1974).
Fer of conat. such a reduction of the equations (3.9), (3.15) to one -1ng1o partiel .
differsntisl equation for one acalsr funotion 1s not possible.
The solutions P and Pr' reaspectively, of the HELMHOLTZ equation which gon.rato B

_mccording to (3.23) and (3.25), respsctively, sre, also, not unigue, For B =0 (3.23}.

for exasple, has the general solution A
Po (%0 ¥4 2) = Re [F(x+1y)f cosacz+ In [T (x4 iy} sine z (3.25)

{SEEMAFER, 1979, p. 55).
For the cass that the considered volume extands to infinity in the z direction, from

_this sne can ses that thers csn be only one generating function P vanishing aw z-’u .
“In this cags, from the vanishing of B at :l.nf:.n:lty it follows that there is, in f.ut, one

and enly one generating function P v-ni.uhtng as z & 00 (SEEHAFER, 1979, p. 60).

If the planes of interssction z = congt. through the considered volume ocoupy the whele
Rey plane (#s in the sase of the half spsce z = 0}, the g-n-r-l form (3.26) of the ~
function P ganersting the field B « 0 18 reduced to

P, (%, vy, 2) = c‘ cos o z + Cy 0in X K, < (3.27)

€4 und:C,. being arbitrary constente, l:l.m:- there is no funct!.on which is snalytic in the
whole cosplex plane and which 1s not » constant.
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" -{ehe eperator on the left-~hand side is the § -§ part of the Laplacisn) on a whole
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spherical surface uuut be a constsnt reduces the arbitrariness in chosing the generating
famctions P, and T_ of the repressentations (3.16) and {3.25) =~ of intersst when the
wvelmae betmen two spheri.enl surfacee is considersd., The functions P and T of the

representation {3.16) of & divergence-fres field are then each dcnrn!.nad cacopt for en

arbitrary function of r (-|j§|’ (RADLER, 1974). Analogously to (3.27), the function P

gemarating a force-fres magnetic field with ot = const. according to (3.27) is determined

except for a function of the fon-

-cir‘ 1/% {df)"czv_. /2 (exr),

ahere HP% and H,‘j’% dinoto the HANKEL functions of the first and sscond kind, reppective~
vanishas as r <* a0 ; the requirement of v-n:ahing at infinity

1y. of the order 1/2. P_

i not sufficient for the gensratring function to be determinad uniquely (there remain two
arbitrary constants). Cn the othar hand, also here, the exiatence of a gensrating function

wenishing as r—> o2 can be shown.

3.2.%1, m n »n hs wha. ho har

' 3.2.1.1. Potentiel field

(3.29)

i

An extansively applied method to calculate & currant-free magnetic fisld in the solsr
atmosphere is bssed on the source=-surfsce model introduced by SCHATTEN et sl. (1969)

(firet) and, togethar with & more powerful computational tschnique, by ALTSCHULER and
MEWKIRK (1969). The current-fres magnetic field in the volume betwsen the photosphsrs

and a surface at some radisl diatance R, {sbout 2,5 Rg) is computed, The assumption that
the field becomes radial, theréby eimulating the effects of the solar wind, providas the

boundary condition at r = R

In the region where no cloctr:l.c currents flow, the magnetic field can be derived
according to (3.6) from a scalar potential 4 satisfying the LAPLACE equetion (3.7).
. In a system of spherical courdlmteo, r.2.9, (origin at the centre of the Sun), the

potential between the two spherical surfeces at r =R and r = R, ia given by (CHAPMAN and

BARTELS, 1940, p. 625)

g (r.6 """@iz e {Z&n (¢>+u-e)(—)“’37¢,.co--0+

_nel peo

+ & (i;)" + (1~ d}) (-:9—)"’37 h3 sin -@} .

{3.30)

[ (w) are the sseocileted LEGENDRE funct:l.on- of the degres n, the order a, end the

argunnt p = gos O, while o". ®. snd h' denote constants,

with °n = df = O the right-htncl side of (3.:50) takes the fora of the solution of thc

LAPLACE -quation in the volume r 2 Rg which vanishes ss r > eo0 .,

The requirement that the field becomes radiel et r » R, is satisfied {f r = R, is 2

zero-potential surfage, .

(!.09 IQ) = 0,

(3.31)
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this condition being satisfied by

[

of .- [(n./gé)zml -7t L , (3.32)

(ALTBGHULER and HEWKIRK, 1969).

The remaining cosfficients hn' gn aust be detsrmined from photospharic magnatic field
asasuressnts. This requires dats collection over s complete solar rotation. Since the
reliability of the magnetic field measuromsnts (measurements of the component parallel
to the line of sight) decreases with incressing distance from disk canter, the field ia
messurad for esch area slement as it passes central meridian. In principle, by
sdditionally ueing messurements before and/or after central meridian paspage, the
sagnatic field components in two different directions, both lying in ths scliptic
plane, could be determined, i. e., besides the line-of-sight compcnent,

By = B, ° oin & + By “ cos &, (3.33)

slso . the szimuthal colponint Bp. Instead of this, bscause of too strong variationa from

"day to day and in order to record only the persistent magnetic festures (acoording to

the dats colleotion aver s period of 28 deys), measursments of ssveral days se an area
slamant passes central meridian sre sveraged (ALTSCHULER et al., 1977).

ALTSCHULER and NEWKIRK (1969) determine the coefficients g:. h: by winimizing the
difference between msssured and computed line-of-sight component using & least mean
square fit procedure. RIESEBIETER and NEUBAUER (1979) have shown that they can be
determined directly by using ths orthogonality relation of the spherical harmonics,

The magnetic fisld can also be obtained without the use of spherical harmonics. ADAME
and PNEUMAN (1976) have dascribed a fixed mesh method for solving the LAPLACE equation.
They convert the non-standard boundary condition By te a DIRICHLET boundary condition,

A modification of the source-surface model was proposed by SCHULZ et sl. (1978). They
use a non-spherical source surface, which 1s taken to be an isogauss of the undorlytng
potentisl field genarated by currents in or below the photosphers, 1. e., an isogauss of
the magnetic field thet is current-free in the volume r > R, snd satisfies the
photospheric boundary condition. In this way they get a batter agreement with an axact
MHD solution calculated by PNEUMAN and KOPP 11971) for the case that the normsl component
of the photospheric magnetic field is that of a dipole. )

A more direct modeling, in comparison with the source-surface wodel, of the ooupltnb
betwesn ths magnetic field end the plasma was developed by YEH and PNEUMAN {1977}. The
volume above the photosphere is partitioned intc several piecowise current-free regions
separated by current sheets, Sterting from an initial smagnetic field configuration (e. g.
a source-surface solution) the current-shests are placed between closed snd opsn field
lines and between oppositely directed open field lines. Then the imbalsnce between
magnetic and plasss prassures acrass the current~sheets is computed and used as a guide
for a displacement of the current sheeta, The desired solution is obtainsd by iteration
betwesn the computation of the magnetic fisld in the current-free regions and the
displacement of the partitioning surfaces. Also for this sclution, the agreesent with the
MHD dipole solution of PNEUMAN and KOPP (1971) is reported to be better that for the
spherical source-surface solution.

Using the msasurements of modern magnetographs, which supply high rssolution (s 1")
aagrstograms of the full solar disk, the magnetic fisld extrapolation starting from
plobal segnetograms provides s method not only for rapresenting the large-sceles magnatic
f1eld but also for a detailed mapping of the magnetic field above smy ssall photospheric
region {ALTSCHULER et al,, 1977), provided thess small-scals structures are long=livad
snough.
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B.2.1.2, Forge-free magnetic field with o = const. (f 0)

" fm the case of the force-fres magnetic field with o = const. instead of ths LAPLACE
sspation the HELMHOLTZ -equation (3.24) (the LAPLACE equation is tha speeisl form of the
SELMMOLTY squation for o = 0) must be solved. There ars some differences between the
LAPFLACE squation and the HELMHOLTZ squation (SEEHAFER, 1878): If a selution ef the

leld ‘ RAPLACE squstion vanishes st the boundsry surface S of s finite regien amd at infinity,
b 3 ¥ 4t venishes identically outside S, while under eimilar’conditions s evlutipa of the
n T WELMHOLYZ squation doss not necessarily vanish (cf. MOLLER, 1969). For example,
is 3 '
fi (‘5) - ﬂ'%':- £3.34)
- 1 fy (r) = feapm P : (3.35)
" are solutiocns of the HELMHOLTZ egqustion that vanish at infinity. One cen always find &
linear combination of f1 and f2 that vanishes at soms dietance r = R {snd at infinity).
on An exterior boundary value problem with a unique solution can be posed by means of an
:' extras condition at infinity (MOLLER, 1969), namely the SOMMERFELD radiation condition
[ 1] - -
P =o(rly, g%-rlu.l’-o(ri). _ (3.36)
Lat uns consider the exterior boundary value probles for the sphers in detail.P can be
represented by a harmonic expansion
: o0 n
: i - (1)
ws B P (r0.0) =) Y = (n v @.0). (3.37)
. n=g¢ j==n , .
on,
:i-ny where YE‘J) denote spharical harsonics of degree n and order j. Then, the cosfficients
rfg : 'nj.(r) must satisfy the equation
s of ' i - 2 _n(ns+ 2
B Rn; # & RI‘IJ + [o© - - )Rﬂj =0, . (3.38)
eY The general solution of {3,38)can be written in form
onent
- 2 uit 1 4(2)
i Ry (1) = Agy 3 Hislp (or) o Bng 7o Mhedsz (7). (3.39)
:: l_lhal'c Hgﬁ./z and "l(aﬂ./z denote the HANKEL functions of the first and second kind, .
* regpectively, of the order n + 1/2, and A__. n,nJ are arbitrary constants. One cen ses’
:; 9. that the genaral solution R, (r) vanishas ss r -> oo . None of the constants can be
datermined from the reguirement of R, (r) vanishing at infinity. Cleerly, if only one
Lde magnetic field component is given at r » Rg (photosphere), it is impossible to determsine
Lon bath Anj and an. NAKAGAWA, {1973) gives a solution of the boundary value problem with
only one set of constants to be determined. Obviously, he doss nof use tha gensral
— solution (3.39) 'o'f {3.38) slthough (implicitly) claiming to do this.
i To define a uniqus boundary valus probles an sdditionsl condition is nesded. The
SOMMERFELD rasdietion condition {3.3%6)}, which is used in studying wave propagation, is not
3 adesquate to the problem. An sdequate condition would be that the megnetic fisld outeide
: the Sun had & finite energy content, ‘
rtic The magnetic snergy content M within the voluse of anslysis 1is given by
rie

- 1 2 .-
id ] L !E-‘[Lgl dv. . {3.40)
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From the representations (3.23) snd (3.25), 3t can easily be verified that not only

. the gensrating functions P and P, but aled the megnetic field componsnts B.. B, 8,, and

B, satisfy the HELMHOLTZ uquation. MNow one can show (RELLICH, 1943, see alao LLER,
1959). that, if u 1s & function that satisfies the HELMHOLTZ equation (3.24) withg g 0
for v > R, the function )
f (Ry) = f Jul? av ' (3.41)
REPCR, _ - ‘ . .
tends to infinity as Ry -900 « Thus, we have the remarkable result that a magnetic field
being force-free lithtn = constant everywhere outside the Sun cannot hive a finite
energy content ( oxccpt for ¢ = 0)}. Therefore the use of global-scals constant=u force-
free magnetic fiolds must be confined to the consideration of finite volumes. A
generalization of the source-surface model to cases of of f O saems reasonsble, However,
8 force-fros magnetic field which is not current-fres cannot be perpendicular to a
{regular} surface on this surface. In the case of the sphare this is immesdiately seen
sincea the curl of & radisl field has no redisl conponent. For a radislly directecd field
2. it 18 Vx B.L B, wheress for a force-free field Vx B ] B holdé. Now let the source-
aurfuoe be arbitrarﬂ.y formed and given by

F ‘ ‘ 5.4
(r) =0 (3.42)
A f!.oldas\ norsal to this surface can be represented by

'E\- £ (:‘) VF “:‘)l 4 ‘3.4‘3)

with f being an arbitrary ﬁmctioa of x. Then, from (3.14) it follows

«-gVr -Tx(fVe)=fVr . (VixVr o (3.44)

That is to ssy, the magnetic field must be current-frae. A genaralization of th. source-
surface model to cases of xx ¥ O must also contain generalization of the way of matching
to the outer solar wind dominated regions. BARBOSA (1978a) proposed tc determins the
constant-g foren-fr-u magnetic field batween two concentric apherss. by présoribing (in
addition to the photospheric boundary condition) the velues of B, on the outer surfacs.
At the pregent tiss, howsver, thers is no possibility to get th:ln latter information
from messurements,

. 3.2.2. r i 4 ed phot r

~If one determines current-free or constant-o force-free magnetic fields froa
magnetogrens of limitsd pﬁptocphcric regions the datea are not suffiocient to define s
unique boundary value problem. The possible influsnce of magnetic fielde surrounding the
sagnetogram arss must be referenced to in terme of special assumptions “(additional
boundary conditions). : :

3.2.2.1, Extrapolatign procsdures assuming flux bslanca over the sagnetogram area

Thera are two extensively applied extrspolation procedures that start from magnetograms
of limited photospheric resgions and requirs the net magnetic flux through the magnetogram
area to ba 2ero, the procedures of SCHMIDT (1964) and of NAKAGAWA and RAADU (1972).
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The SCHMIDT procedure assumes the magnetic fislid to be current=f:oae, A NEUMANN
I--d-ry value problea for the LAPLACE equstion for a helf space is selved, anounlnq
Il-t the sagnetic field component normal to the boundary plane vanighes sverywheks en

"lhl- plane outside the region coversd by the magnetogram. There it is given by the .

sagnetogran. The magnetic field is represented in the form. (3.6) as ths negative
“gradient of a solution @ of the LAPLACE aquation in the helé space, which may be

- expresssd se the potentisl of a double layer in the fors (SCHMIDT, 1964)

P (r) = %;J"-;—f—,.rr 4, ‘ - (3,45)

ubard the.integral is _taken over tha plane of magnetograph observation.

NAKAGAWA and RAADX (1972} introduced a procedure to compute the constant-g force=
fres magnetic field in the semi-infinite column above a rectengular photosphsric region,
Fer tha domain of anslysis defined by

0‘:41.. Oiy‘Ly. 04 z< a0, , {3.46)

_they gave the solution P of the HELMHOLTZ squation (3.24) which generatss the magnetic
" #101d according to {3.23) in the form

1/2 '
1kx—( -n ) .
P = Z a e 7 (3.47)
ko k -! : .
where k = {kx, k ). x = (x, y), and the Bk are determined from the photospheric
inundary condition.

Bz.(.xr Ye T = O) 'Zak .1‘5!*-- . ) (3048) -

vy )

Ieplicitly, beside the requirement of B,g ® 0. it is required {SEEHAFER, 1975)

x

4 (Lx, Y. 2) =P (0, v, 2), P (x, LY' z =P (x, 0, 2) (3.4§)

20 (x z

x=0

x-Ll

a ,
_Lf.lsvh_zl,y-l_ " lLl,h_v._zl' o ) (3.50) .

(3.49) and (3.,50) hold also for the msgnetic field componsents Bys By. B,. That 1s to
say, the field can bs two-dimensionally periodically extrapolated into tho whole half
space-. :

BARBOSA (1978b) gave & method to compute the nontttntwq.forp.-froe magnetic field in
the volume between two parallel planes, the photospheric plane and an additional plane
at arbitrary height. The magnetic field component normal to the sscond plane is apohuod
to be zero. Agsin, for applications to magnetograph data, flux bslance over the
magnetogran ares is required.

A further flux balance requiring potential-fisld solution was given by TEUBER et al.
(1977). They assume ths normsl field component to vanish at the vertical boundary of the
rectangular cylinder sbove the magnetogram srea. )

Contrary to the other extrapolstion procedures mentioned in this section, for that
of SCHMIDT flux balance over the magnstogram ares is not axplicitly required. Indeed,
this procedure is methemssticelly applicable also to cases of flux imbalance. Then the
asgnetic field vanishes at infinity only as r~2 (r denoting the distance from sn origin),
and the net flux through the ssgnetogram area is connected to 1nflnlty {the magnetic flux-

B




l18

through an infinitely distant helf sphnr_e above the photospheric plane is not zero; but
squal to the total flux through the magnetogram aresh This, howsver, is an unphysical
festure. The procedurs must be considerad as an approximste (curvature-neglecting)
celculation of a potential field exterior to a spherical photosphere, If such a field
is represented by a spherical-harmonic expsnsion, for div 8 = O to be satisfied the
zero-order (monopole) term must be excluded. This means that the field vanishes at
infinity at least as r's. Thetrefore in applying the SCHMIDT procedure ths nat flux
through the megnatograa arsa sust be neglected. P

In order to allow for an application to regions which are not close to the canter
of the solar disk, the SCHMIDT procedurs (SEMEL, 1967; SAKURAI, 1982) and the NAKAGAWA-
RAADU procedures (WELLCK and NAKAGANWA ,,1983) have heen generalized such that they start
from an oblique line-of-sight component.

3.2.2,2, GREEN's function method for & semi-infinite coluan

Let the domain of analysis agasin be given by (3.46) and z = O define the plans of
magnetograph observetion. The GREEN's function of the HELMHOLTZ equation in the
considered volume is given by (SEEHAFER, 1978) :

& (r, ') -:%L"" :)"V;.n (> ¥ .{.'r'.ﬂ‘z'z-" " .—r““‘z*z’,} . (3.51)
. Mn= £ ; . .

an

'q/ a0 {x, y) denotes the _noru-alized sfigenfunctions of ths two-dimensional Laplacien A“
in the region 0 & x & Lx' C£y¢& LY' i, o, the solutions of the equation

B, an *Aen¥an = 0 A (3.52)

They ere given by

Yoan (%0 P) -V;ﬁ; sin ('f-: x) sin (P:”y}. (3.53)

The ‘carresponding eigenvalues are

2 2
Aun=x® Ep el (3.54)
x Y
and
Tun * l-n _“2 . (3.55)

If tho semi-infinite column hes snother (not rectanguler) cross section, the 4. must
be replaced by the ciganfumtionl of the two-dimensional Laplacian in a region of
corrssponding form. For sxswple, cona:doring ] oc-i—infintte circular eylinder BESBEL
functions must be used.

By mesns of the GREEN's function the velues of any solution P of the HELMHOLYZ
squation can be obtained from the values of P at the boundsry § of the considered
wiuse via ths representation

P (_;') - - fP {;) ;’-E ds, (3.56)
S

whate n denotes the exterior normal on S,

The practical use of the GREEN"s function rspresentation in applying specisl boundary
conditions has been illustrated by deriving an extrapolstion procedure which does not
‘require the net ssgnetic’flux through the magnetogram ares to be zero (SEEHAFER, 1978):
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To define & unigue boundary value problem it is sssused that 8, vanishes on the vertical
pert of the boundery, st x = 0, x =L, y=0,y= Ly (that the values of 8, et tha
boundary are small compsrsd with its values at the inner perte of the cross section of
the column). Then the magnatic field components are cbtained in ths forms

o0 [ -r_ z E
"an an orn mx TNy, .
CEDIS {“r, atn (FER mes S = .

M,
ron B2 cos (T2) stn =) ., (3.578)
x x Y
B e Can e'f-nz {a-lrn cos (ZBEy ain (TRY) .
- Y "o Amn lr:t Ex Y ’

T X

=%) cos s )} ' (3.57b)

+

Tt T.; sin (

B, = E c-'n ‘-r_nz. sin (T"‘) sin (—113!), (3.57¢)
W, n=

where the Can 87® defined by the expansion (3.57c) at z = O, (For the practicsl
spplication the magnetogrem must be changed or completed such that the values at the
boundary vanish, for example by adding an artificial boundary.)

There iz a close similerity be;waad,the representation (3.57) and the repressentation
(3.47) of NAKAGAWA and RAADU (1972). The solution {3.57) is periodic, ae the solution
of NAKAGAWA and RAADU, but with the periods 2L and 2L, whereas the soclution of
SAKAGAWA and RAADU has the psriods L, and L .. One can get the solution (3.57) by
axtrapolsting the magnetogram, which covers the domain O € x € Ly © £y & Ly, into the

dosain L £ x €L, "Ly fyd Ly'according to
82 (-l. Y. 0) = -Bz (xa Y o)l ’ (3058)
B, (x, ~y, 0) = -B,_ {x, y. 0), (3.59)

and then applying the formulas of NAKAGAWA and RAADU to the extrapolsted magnetogrem,
The lol_utton of NAKAGAWA and RAADU is got in the same way 1f the extrapolation of the
megnetogras intc the domain -L, € x 6 O, -Ly €y o l.y is c¢carried out eccording to

8, (-x, y, 0) = B, (x, v, 0), .(3.50)
Bz (x, ~y, 0) = Bz (x. y. D). (3.61)

The uvse of (3,58) end (3.59) instead of {3.60) and {3.61) ensures that ths net
magnetic flux through the (criginal} msagnetogras srea is balanced.

As to the conditions on the {verticsl part of the) boundary corresponding te the two
selutions, the solution (3.57) asems wore restrictive in that it requires the vertical
magnetic field component to vanish at the boundary, whereas (3.47) only requires that
{(3.49) i1s fulfilled. However, (2.47) requires additionally (3.50), which the solution
{3.57) does not. '

For sn application of (3.57) st firet \_the coaffictents cm wust be detsrainsd from
the megnatogram, Since B, is repregsentsad by an expansion in orthogonsl functions, for
regions close to the disk center, thst is, in cases with B, {x, y, z = 0) given this 1s
engily done by mtegntions. Now let the dirsction to the observer be defined by the
it vector 1 = (1, y ) According to (3,57} the line-of-sight component praud-d by
the -gnctogm l.o ehcn gi\nn by

+
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By = B ',3',\ - 2 Can Pan (3.62)
with '

Pun =*i0 t—tﬁi) cos (—L—ll W (g =2 r) e .65

4+ cos (%E)ain- (—"‘;—:1) . r'i—:— (- J'x i -1 at) + sin {-—-E-—) sln-(-'rl_'—:-!). : .'I.z.
x x : ;

Tha;c-n are the coefficients of the expansion of By in the function system Pan®
Compared with the determination of the corresponding coefficients of the NAKAGAWA-
RAADU golution from an oblique line-of-sight conponint (WELLCK and NAKAGAWA, 1973),

o ¢ thedr determination is complicated by the fact that the function syatem @ . 1e not
orthogonal on the intsrval

L d

o€xéL,, 06y #L,.

One may procecd guch that first the cosfficients Kan of the axpansion

BI = : Ken ¥en : {3.64)
fa,n=

of Bl in the orthogonal functionu"an given by (3.53) are determined. The satrix 1:1
describing the transformation from ths systea Yan t° the system fin scocording to

L t T"1 Kan ' , ‘ SR (3.55)

a,nel

ie defined by the sxpansions

E Tl P ' (3.66)

k,1=1

That is, the slements T:1 ares coefficients of expansiunu in the non-orthogonal
functions ?kl' Thie 18 not the case for the inverse matrix

Ukt - (T:;’-i ‘ (3.67)

which 1s defined by the sxpansiens (in orthaogonal funatione)
oo

Pan ': ":;'Vk: ' _ | . (3.68)

k,1l=1

and provides for the transformation

Ky = E URl Cone (3.89)

=, ,n=l

Therafore, after dctornining the K n 8ccording to (3.64) and ths ukl sccording to
(3.63). one can gst t:lmTk:l by natrix 1nvar.ion acebrding to (3.67) and, finally, the
kl by matrix sultiplication according té (3.65). In this wey the problen of data
conversion is reduced to s matrix inversion, for which efficient computer programs
ars aveilable, : :

The sciution (3.57) has already been mpplied ip order to sxtrapolate nagnetograms
from active regions of August 3 and 7, 1972 (SEEHAFER end STAUDE, 1977, 1979), of July -
4, 1573 (SEEHAFER and STAUDE, 1980; ses Section %,), and of July B to 11, 1975 (SEEMAFER,
1980).
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netion of the megnetic fiwld as CAUCHY problem: Vertical intsgration

’

It ssens desirable to detersine the magnetic field from photospheric ssasurements

ﬂ—. wirhout additional sessumptions (“"boundary conditions®). The extrapolation of

mseswred photospharic magnetic fields to higher layers of the solar atmosphere. is

- arSginelly not s boundary valus prbblaﬂ but en initial vslue problem: Dats are given

e an initial surface which is not the complete enclosure of the considered veolume.

" Bpesdery velue problems ars formulatad bacause these are “netursl” for the partiael

. ditfferential equations to be solved, which are, for force-free magnetic fields, of

elliptic types. For s determinstion of the magnetic field without imposing conditions on

the nos-photoapheric part of the boundary, the corresponding inforsation should be

b wssteined in additicnal photospheric ‘data. Such data can becoms available by the
isprovesent of vector msgnetographs {maybs also if thess do not in fact supply the full

wacter). Another possibility say be simultansous nmagnetic field messurements in seversl

spectrum lines which are formed at different photospheric levels., In such a way, at

* leset in principls, magnetic field gradients can bs obtained.

Xf the line-of-sight component of the magnatic field end the line-of-sight dorivate
of this component are given at the level of the photosphers, a CAUCHY problem arises.
Fer a constant-x force-free magnetic field this CAUCHY problem hes a unique solution
{SEEHAFER 1979, p, 31): A soluticm P of the HELMHOLTZ oquation (3.24) can be
represented in the fora

T -

paf.F (3.70)
‘o : uith
B (. v, 2) -Z(-n (0 + 41" £ (x, v) T!—)"f - (3.7%)
e
B Poaven -fc-n" @2 + 810" 8 (%, ¥) pEerryT -  (zan) _
- BB where i .
_ f (x, y) =P (x, Q. z = 0), | ; {3.73)
A TR . (3.74)
4 - %; + :2 . ‘ ' (3.75)

~

Both F and garn uluuonl of the HELMHOLTZ equation. At z = 0 P takes prucrtbcd
values ¢ (x, y), wheress its z derivative venishes there. F vanishes at z = O, whereas
ites z derivative takes prescribed values g (x, y).

~However, the CAUCHY problem for .an elliptic squation is non-well posed, that is to
say, the solutions do not depend continuously on the data. Consiger, tor sxaspls, the
following sequence of initial valuee:

/3 Pan (%0 ¥2 2 2 0) = £ (00 v) = g atn (B2 ain =, (3.8
e {x, v. ’ 7 :
—m—a-;—-—————lz - 'II'I (x. v) 0 . {3.77)




Aocording to {3.70), (3.71), and (3.72), the corresponding sclutions of the HELMHOLTZ
squation sre (SEEHAFER, 1979, p. 671 :

. ‘ ] :
Pon (X0 Yo 2) = 5 cosh (r,, z) sin (inlt sin (;%£¥}. (3.78)

As (-? + nz)-’di . f-n {x., y) tends identicelly to zero, wheress P, {x, y, z) doss
not. '

until rocontly..lnthocatzciunl ignored non-well posed problems. Even today these
problems are. largely unsattled. However, various methods have been enployed for hand~
ling such problems (tAHRENTiEV. 1967, Conferance procesdings sdited by KNOPS, 1973,
and by ANGER, 1979). For axample, in many cases restriction to the clase of solutione
satisfying s pruscribed globam) bound leads to well posed problems. Based on this concept,
in particuler for the LAPLACE sguastion methods of solution have bsen developed, which
could ellow & generalization to the HELMHOLTZ eguation. Here it shall only be. pointad
to this possibility to sttsck the problem of magnetic field axtrapolation. Until now, the
dats requirsd are not available. However, they will bescoms availsble. 1¢ the full megnetic
vector is measured, a CAUCHY problem for the aystes

V-pg=o, (VxB) x8=0 (3.79)

of quaséilinear first-order partiel differential squations, which describes the gensral
force-fres magnstic tield with non-constant of, arises.

4, ggg;;n;;;gn.of differant axtrapoistion g:gcodgrog to tha seng ARQNetOgran

In order to study the influance of the different treatmant of the boundery conditions
4n different extrapolation scheres, the prccoduf.. of SCHMIDT {1964, in the following
referred to as SCHP) {Equation (3.45)), of NAKAGAWA and RAADY (1972, referred to as
NRP) (Equations {3:47) and {3.23)), and of SEEHAFER (1978, refarred to es SEEP)
{Equations (3.578) - {3.57c)} have been applied to the same {ltng-uf-night) magnetogran
€SEEHAFER, 1982). The used magnetogram (Fig. 1} was obtainsd at the Einstein tower
telescéps in Potedem on 4 July, 1973, with a rasolution of 735 : 630 and & scan srea
of 139 : 143" in the EW : NS directions, respectively. The velus of the longitudinal
f1sld Bvéraged over the wagnatograa ares is =88 &. The considered region 1o
gharacterized by & large sunspot of p {-) polarity (towards S from the centre in Fig. 1).
In the_north_o!-tho spot & featurs of f (+) polarity, elongated in EW ditrection snd
eubedded in an arss of opposite (-) polarity, moves away from the spot (ROY end
MICHALITSANOS, 1974). In connaction with thie moving -ngnoi;c featufs, some rssults
of extrspolation using SEEP hsve already baan puhllnheJ (SEEHAFER and STAUDE, 1980): At
the northern bsundary of the moving feature, whare chromospheric sctivity (brightsnings
and sjsctions). was observed, an X-typs nsutral shest (line) is situsted.

For all thrae procedures, field lines have been caloulated, otprtlnh from & mesh of
photospheric foet points every 10° 3 10", in the case of the two force-free procedurss.
tor sevaral velues of the parameter &. Figuras 2 through 18 show the calculated lines
of foroa in overview, perspective, and eide (liwb) view, 1in the case of the forae-free ‘
procedures for three valuss of the parameter«, nemely ai= O and & o.s'a._”, whare
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2, -2 =2
aex -y (Lx +* L, ,, . (‘.1)

I.. snd being the sxtents of tho magnstogrem in both directions. The main field

= ghvwtturs, which is dominated by the large spot, is similar for all thres procedures.

> @ the other hand, in details thers are differances, for exsmple in the direction of the
" #8ald Yines in the overview (which is generally compared with He, EUV, snd X-ray

. SRTECteres) .

Tha dosain of snalysis has been the: rectsngular straight cylinder above the
sagaetogrss ares. For SEEP sigaificantly more field lines leave thie volume through the
" aldes than For NRP and SCHP {look at the morthern boundary in Fig. 9 - 11), for SCHP
the ssmber of such field lines being yet less than for NRP, Morsover, field Lines
‘enlowlsted sccording to SCHP and NRP remch greater heights than thoss ‘calgulated using
. SEEP, ‘

There is no simple correlation betwsen the heighte resched by the field lines and
 ohe fleld strength decresss with height, 1. »., & highsr re-ding of the field lines ia
_mat mecesssrily connected with a slower decresss of the field strength., The height
h-donm of the maximum field strength calculated using the thres procedures is
w in Fig. 20. For NRP the field etrength is significantly less than tfor SEEP

. ﬂm. for SCHP somewhat less than for SEEP.

' The scale height of the magnetic field, defined by

z, = {8, ( 98-/32)'1>, . ' (4.2)

E- s 8 quantity of interest for meny investigations, @. g. for studies of radic emission.
- Bm (4.2} B 1o the maximum field strength for a fixed height level z = const,, and the
mllr brackets dsnots an averaging over Z, For oo = O we have z (NRP) 1z, (SCHP) ¢
2. {9EP) = 1.0 t 1.5 = 1.8, while for & = 0.5 . Z, (NRP) : z (SEEP) LI O 2. nore-
. e, z (= 0) : 2 (oew 0.5, ) = 1,0 ¢t 1.1 for both NRP und SEEP, Tha reason for
. this behsviour will be discussed in the following section. -

E.  Im Teble I the magnetic energy contents of the region calculated according to the

P threa procedures are comparsd. The differences are drastic, amcunting to » factor of 10
: Bmtween NRP and SCHP,

H

M Magnetic snergy {E) in 1032 erg

B ok
q - o 0.5 0.9

) 6.1 . 6.5 9.3
=) 2,2 2.3 2,5

(ocur) 19.3 - -

5. Becupeion

- 3 Section 3,2,1,2, it hass been shown thet & magnetic field being force-free with
@= esmstent (# O) in the whole volumse outside the Sun cennot have a finite snargy

- guwtent snd cannot be determimwd uniquely from only one magnetic field component given
i vhe phetosphera. Therefore the extensien of s globsl-scale constant-ix farce-free
 amgmetic fisld to infinity neither hee a physical mesning nor provides a mathematically
;.gmisggee boundsry velue problesm. The use of global-gcale constant-o force-free magnetic
- #islde must be confined to the consideration of finite volumes. A generslization of the
ml! uasd potential=field source-surface models, either with spherical (ALTSCHULER
-lm 1969) or with non-spherical (SCHULZ et al., 1978) source-surface, ta (noh=

™
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potential) foercs=free fialds seems reasonable. Then, however, the pirn-eter o cannot be
a constant in the whole volume betwsen the photosphere and the source-surface, since o
sust be zero st the source-surface (Section 3.2.1.2.). 8ince, furthermore, « is &
constant d}ong each fisld line, all open field lines must originate from current-free
ragions. Thue, in general, currents will be restricted to limited volunss with limited
photosphsric ‘base, no field “lihe leaving thase volumes. ) %

The start from glebal-scale magnetograms in extrapolating photospheric magnetic
fields has the advantage (comparsd with the start from magnetograms covering lisited
regions) that no reference (in terme of special boundary conditiéns) to fields
surrounding the magnetogram ares is nesded. Its disadventage 1s the nscessity to assume
that the fields are steady for a period of about one month, which is needed to get &
complete magnetic map of the photosphere. Thus the extrapvlation starting trom magnetograns
covering limited regions is of interast. Moreover, thie is the cass ac far as spacisal ‘
nesunptions.'euch as the constancy of o, are more questionsble on a global sacale.

1f ona computes the constant-x force-fres magnetic field tn the semi-infinite column
above a limited photospheric region, it is inadequate to sliminate the need for boundary
conditions on the vertical parts of the boundary byextending the volume into a half spsce,
excapt for o = 0, CHIU and HILTOM (1977) have shown that the boundary valus problem in @
Ralf space, using only. the normal #ield componant on the bouhdury as boundary vealues, i8
non-unique, It can be supposed thet the result that a constant-e force-free magnatic
field cannot have & finite energy content is also valid for the half space {the exact
ﬁroof 48 mathamatically non~trivial). o

In the case of the extrapolation starting from sagnetograms covering limited regionu'.
the boundary conditions must be treated carsfully. The GREEN's funoction method given in
Section 3.2.2.2. rsnders it paossible to deternine, the bon.tant-u'forno-froo sagnetic
field (including the case ot = D) sbave a limited photospheric region from boundary
sonditions on the surface snclosing the sctually considered volume. Differsnt boundary
conditione, especislly those considared as vealistic for physical reasons, can bs imposed,
the presently used extrapolation methods being included as spesial cases in the derived
gonural-achc-e._Tho'practical use o. the scheme has been i1llustrated in deriving our
extrapolation procedurs (SEEP) which uses boundary conditions scmewhat different froms
those of the progedure of NAKAGAWA and RAADU (NRP) end, thersfors, doss not raquire the
net magnetic flux through the magnetogram area to be zero. 5

From a compariscn of NRP and the SCHMIDT procedurs (SCHP) LEVINE (1975) concluded
that prohibiting fisld lines from leaving the volume through the sides causes them to
become longer and higher. He found that field lines calculated using SCHP tend to extend
higher snd to start and to snd on the magnetogram area. In fact, for SCHP field lines
starting froz the magnstogfas must return to it. This ie because for thie procedure the
actusl volume for which the used solution holds is the half spsce above the plane of
n-gnutqgrnph obsarvation, the field componsnt normal to the boundary plans vanishing
averywhare outside the magnestogram arsea itself, In the example of san.application of SEEP,
MRP, and SCHP to the same magnetogras presented in Section 4., slso for SGHP field 1ine
teacing has been terwminated at the sides of the rectangular colusn above the magnetogran }
arsa. For this resson in Figures 4, 11, and 18 some field 1lines seem to leave the ragion.

Also in the exasple presented in Section 4., for NRP, which allows for field lines '
starting from the megnetogram ares without r.tdrﬁtng to it, some more field lines loave
the velume then for SCHP, however yet much less than for SEEP, This 1s due to the feat
that both SCHF snd NRP assume the net magnetic flux through the sagnetbgram area, which
sust be sonnected to flux outside this arsa, ta bs zero, which SEEP does not. SCHP and
NRF neglect the net lagﬁetic flux through the magnetogram srea, i. e., shey do not start
from. the real asgnetogras but fros one which ie got frem Yhe resl one bY substraeting the
mean (vertical) field value, =88 G in the considered cese. This value is relstively largs
ln¢'ona nay sek Lf SCHP and NRP ars applicable here, but for a methodical study such a
nagnatogram is well suited,
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= OFf cswrwe, field lines lesving the studied volume must be considered with caution. 7
. fleld lines stsying inside the wiume slso do not necesssrily have a conclusive
Jhather ir not & fisld lins leaves the volume depends on the applied boundary -
tions, and the staying inside of a field line may have been causad by boundery
Mtione which differ from thoese on the Sun. Thus prohibiting field lines from leaving
studied volume doss not incresse the reliability of an axtrapolation procedurs. -
SEEP does not assume flux balance over the magnetogras ares. The wagnetic field s
ted from the magnetogram and the cordition that the verticsl field component

on the a:l.dos'_ of the coneidered rectangular cylinder, 1, s., the condition that
field is horizontally directed there. By these boundary conditions the information
tadned in the magnetogram on those field lines leaving the volume becomes usable te
“ton;. It is not so that this 1s reachad by replacing the flux balance condition
off WP by the condition on the vertical field component at ths vertical boundary of SEEP,
_ . 4n sddition te tha flux balance condition, implies & condition at the vertical
hhry a8 restrictive as that of SEEP (SEEHAFER, 1975, 1978; cf.; Section 3.2,2.1.).
ﬁl‘ both procedureas these conditions at the vertical boundary may be sxpressed by
wenuiring the FOURIER expansions representing the two sclutions to bs twice differantiable
E 2ara by term, The difference between SEEP and NRP results from the different choice of

F tle set of eigsnfunctions in which the solutions are expanded. ] ‘ ~

g The cobserved differences between the three procedures in the direction and location
"o field lines aré in part due to the fact that SCHP and NRP start from a fictive
*togrn. Compared with the real magnetogram the zero lines are displaced and with

E ghes fleld lines bridging over them.

- With Aincreasing horizontal scale length of the magnetic field the field strsngth
_dscresss. with height will become slower, The herizontsl scale length of the sclution

. wped in SEEP is larger than that of the sclution used in NRP (Section 3,.2.2.2.), thit of
the solution uged in SCHP being yet larger (infinite). Thus in Figure 20 the curve for
SEEP ~should lie between those for NRP and SCHP. That this ias not the case is due to the
--Faet that NRP and 5CHP start from e nagnatogranA:l.n which the sbscluts valus of the
anwisum vertical fisld strength is reduced by 88 G, Thie leads to reduced total vector

. ¥1wld etrengths also abova the magnstogram plane. For magnetograms with ssall mean

3 {wertical) field vslues the curve for SEEP ghould become located below that for SCHP,

' As to the calgulationa of the megnetic energy content of the region (Table I) it must
®e mentioned thet for SCHP the volums of calculation is not, as for NRP and SCHP, the
rectangular cylinder above the magnetogram, but the whole half spesce in which the used
welution 1e valid (Equation (4) of SCHMIDT (1964}). This is the only reason for the
ssgaatic energy corresponding to SCHP being so large cospared with the ensrgies
oessresponding to SEEP and NRP, since from the field strength decrease above the

- mmgmetogram (Figure 20) for SCHP an energy less than that for SEEP would follow.

" One may ask if also for SCHP only the magnetic energy in the colusn above the
apgnstogram area should be considersd., However, for s separation of different parts of
the sagnetic energy to heve a physicsl mesning, it must be based on information sbout the.
slectric currents ceusing the magnetic field, which is not available.

In this context it should be noted that the physical meaning of the energy content of
a potential field sbove the photosphere ie not very clear, since the gensrating electric
ewrrents flaw below the phctospheric level and a separation of magnetic snergies above
and below this level is not justified.

The excess energy (compared with the potentisl field)of s force-free magnetic field

< shove the photvaphers, on the other hand, has = clear physical meaning, since it is due

te atsospheric elsctric currents. For both SEEP and NRP the lsteral boundary conditions
sre such that for the magnetic field to vanish at infinity the absclute velue of the -
paraneter ot aust be less than s maximum vaiu-. for SEEP this ssxisum velus being some-
ubet smsller than for NRP, In Table I “ax denotes the maximum velus for SEEP,.As je)

2
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approachss the maximum value the sagnetic energy becomes infinite. Thie explains why
with lx| increasing the ratic of the magnetic energies corresponding to SEEP and NRP
incresses. On the other hand it shows that the boundary conditions may have a greater
influence on the sxcess energy stored than the value of w,

Throughout the present revisw the force-~free parsmeter o« has been assumad to be
spatially constant., For non-gconstant o the problem remaine tractable, because it remsins
linear, if nt&;) is prescribed (PICARD, 1976; KRESS, 1977). This, howevar, raquires
information on of inside the considered volyme or, since the field linee lie in the
gurfaces &« = const., on the field line geometry, The non-linesr boundery value problem
for a generel force-free magnetic field, on the other hand, is pressantly not tractable;
even what are the proper boundary conditiona is not known. In fusion ressarch iterative
procedures based on e variational principle are used to calculate (stsble) magneto-
hydrostatic equilibria (CHODURA et al., 1979). Maybe these procedures can, at least in
part, become usable for the present problem. Recently SAKURAI (1981) has presented an
iteration procedure for the celculation of force-free magnetic fields with non-constant
o, This procedure, which is based on & theorem given by BINEAU (1972), raquires the
specification of the normal magnetic field component on the whole boundary and of & on
a part of the boundatry and converges for |er QE)' aqfficiently swall. It seems that this
shows the way in which further progrees in the force-free solar magnetic field problem
may be reached,
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ax' taleulated using the NAKAGAWA and- RAATU

+0e5 ek
procedure,

8: Overview of the field lines of a force-free fisld with

i

. calculated using the SEEHAFER procedure,

o= +0.5d_m

+ Overview of the field lines of o force~free field with

[ I

Fig. 9: Perspective view of the field lines of Fig. 2,

218, 101 Perspective view of the field lines of Fig. 3,
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Perapective view of the tleld lines of Fig. 4,
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Fig. 12: Perapective view of the field lineg of Fig. 5,
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Pig. 13: Perspeotive view of the field lines of Fig, 6,

Fig, 14: Perspective view of ths field lines of Fig. T,
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15: Peraspective view of the field lines of Fig. 8,
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"Fig, 17: Side view of the field 1lines of Fig. 3.
Fig., 18: Side view of the field linea of Fig. 4.
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