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Insertion: data analysis
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Recursive mean |

arithmetic mean

(x) = %ZX,’ (1)

Problem: calculation of the mean for measured data

@ Eq. (1) must be evaluated again for every new data point

@ for n>> 1 and at the same time x; < 1 numerical inaccuracy for strict use of Eq. (1)
because of — saturation in x;

— hence: definition of the recursive mean:

(= + o )
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Recursive mean |l

proof:

X1+ ...+ X1
i—1
X1+ ...+ X1+ X

(4)

(-5

= = (5)
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Recursive mean 1l

analogously: recursive variance

(xi = (x)i)? (7)
proof similar as for recursive mean

correction of a single value:

X — X
(Xhnew = (x)aig + =2 (8)
2 2
2 2 Xnew — Xold X Xold Xnew — Xold
O_new — O_OId + new - o new - (e} <<X>o + new ¢] )

proof for the correction of the mean:

n

1
<X>new = ; Z;Xi — Xold + Xnew | = (9)
=
Xnew — X,
= (X)old + newfdd g.e.d.
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Linear regression |

We already know

Straight line fit without errors

y = b-x+a (10)

. a1 L1 (i = )i — ()
with slope b = L #127:1(& — <})/<>)2 4 (11)
and a = (y)—b-(x) (12)

quality of fit y = a + bx measured by y?:

with error o; in measuring of y; (x; exact)
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Linear regression ||

Best fit for x> minimum, hence (see also Numerical Recipes)

L Ox? " yi—a—bx
0 = —==-2 - 14
Oa ; 0,-2 (14)
L 02 n xi(yi —a— bx;)
= S o —_p\ 2 = T 1
0 ob 2 O',-2 (15)

can be rewritten as system of equations:

Xij Vi
Dby 5 = D (16)
i=1 1 =1 ! i=1 1
n n X2 n Xiy
i i iYi
ey - o)
=1 1! =1 ! i=1 i
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Linear regression Il|

solution for the system:

H. Todt (UP)

ﬁ_§:” Xi N XY
i

X n Xj 2
ZZI_ 0-71,2_ Zi:l;?

152 i=1 52 i=1 52 i=1 42

i i (19)
2 2
I S L%
i=1 gl_2 i=1 gl_2 ( i=1 o’l_2>

XiyYi _ n L n L

=1 52 D125 iy b
i i (20)
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Linear regression IV

errors in a and b from error propagation for a quantity f:

- af \?
2= Yo ((ay> (21)

i=1
n Xi2 . n X
Oa Doie1oE T Xi e oE
where — = : ’ (22)
8}/,‘ 2 n 1 n X,-2 n Xj 2
o7 | 2ie o2 2lim1 oz (Zizl ??)
A Wl S N

8y,- - 2 2
2 n 1 n X n X
oi | i e 2ot oz (Zi:l (?'2>
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Linear regression V

adding up according to Eq. (21)

This (purely formal) error may drastically underestimate the real error in a, b!
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Linear regression VI
Example: bad fit but small error

——— T ——————————]
- {,
a=-934 +/- 037 1
b= 6.91+/- 0.10
30 -
1 — small formal error, as
20 . error in the measurements is
> | small
f but:
10 g — model does not fit to
. data
0 —
X
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Linear regression VII

Our original case: errors o; not available.

. . . 2
Then: Set o; = 1 in equations for a, b and multiply factor /X5 to the formal errors

n 2 2
02 = n Z2l:1XI n 2 s 2 (26)
ny igxi — (o) V-

) n
0p = . (27)
ny iy X = (2
where y? = Z (vi —a— bx;)? (28)
i=1
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Bootstrapping |

Estimating the errors in fit variables (e.g., the slope b)
Methods:

@ formal error from errors in measuring in y; — without consideration of the fit quality x?
@ error from x? without consideration of the errors in measuring y;

— usually results in an underestimation of oy,
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Bootstrapping |l

Example: measuring the magnetic field from polarization

1 Stokes I : intensity

B * 1 Stokes V = Ig — I (so: right-hand circularly
= oo | polarized — left-hand circularly polarized)
| — V/I : fraction of polarized light
o005 L 1 —A2/1 dI/d)\ : Zeeman shift

“““ Lononanoolenflonenwnnnollonnas
-1.00E-06 0.0 1.00E-06
4.67x 107 2 1// dI/dL [G]

Idea: for broad spectral lines (Balmer lines in WD, WR emission lines) Zeeman splitting not
directly detectable because of Doppler shifts. Therefore: measure “line displacement” per pixel
per line together with V/ /.
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Bootstrapping IlI

No B-field — no correlation. Otherwise, slope gives longitudinal (B;)

74 . geffe>\2 1dl/

E— Z— (B, 2
/ 4rmec? | d)\< ) (29)

with average effective Landé factor
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Bootstrapping |V

Example: measuring the magnetic field from polarization

0.005 |-

S 0.000 -

-0.005

. OOE 06 0.0 1.00E-06
4.67x 10" 221/ dI/dL [G]

— slope dominated by only few data points?
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Bootstrapping V

Problem: the distribution of b is usually not known
Idea: construct a distribution with help of Bootstrapping

Construction of a Bootstrapping distribution

random sample j by random drawing of n data (x;, y;) from the complete set of n data with
repetition and determination of b;. Repeating m-times this procedure, where m > n.
In each random sample are only ~ 1/e ~ 37 % of the original data because of repetitions.

— result: sample of m measured quantity b;.

Then, determination of the expectation value, variance, etc. for the obtained bootstrapping
sample, e.g.,
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Bootstrapping VI
Example: magnetic field B, from polarization

0.005

T T T T T
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— interpretation: p > 20 — marginal detection (5% proability that actually B, =0 )
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