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Exercise 5
Numerical Errors

(Hand out: 15.05.2023, hand in: 22.05.2023)

Review

1. What does the line

using namespace std ;

in a C++ program mean? (1 P)

2 It loads the input/output library.

2 It allows the usage of global variables
with names that contain spaces.

2 It sets the namespace to std, so that
one can write, e.g., cout instead of
std::cout.

2. How must variables be passed to functions
that they can be changed by this function?
(1 P)

2 as a pointer: int *n

2 as a variable: int n

2 as a reference: int &n

1. Task Absorption (3 P)

a) Consider the example from the lecture:

float y = 100000010., inc = 1. ;

for (float x = 100000001. ; x <= y ; x += inc) { ... }
and rewrite it correctly with an integer loop counter. Note that this will not solve the
absorption problem. (1 P)

b) Write a C++-program to show that the Kahan summation algorithm gives the more
accurate result when adding float inc = 1.E-7 n times in a loop to the initial value
float x = 7. Also compare both results for the case of double precision, i.e. using
double instead of float. (2 P)

2. Task Minimize the error (3 P)

a) What is the number of calculation steps N , for which an algorithm with an approximation
error of εappr ' 1

N gives the minimum total error, when using single precision (εm ' 10−7)?
How large will be the total error? (2 P)

b) What would be the optimum number of calculation steps for the same algorithm with
double precision (εm ' 10−15) and which total error would be achieved? (1 P)

3. Task Calculating a power series (10 P)
The computation of series for function evaluation is a typical problem that occurs in numerics
and often needs some thoroughly thinking to handle the limitations of finite precision. E.g.,
the exponential
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When we want to calculate the exponential exp(−x) for x = 0.1, 1, 10, 100, 1000, we have to
stop the series evaluation at some Nth term. Moreover, the definition of the sum might instruct
us to calculate for the nth term xn and n! and then divide them. This is a bad idea. Why?
(2P)
Instead, write a program that implements Eq. (1) in a good way to calculate the required x,
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i.e. use the fact that for the nth term you’ve already calculated the (n − 1)th term. Stop
summation for the Nth term when ∣∣∣∣∣ (−x)N/N !∑N

n=0(−x)n/n!

∣∣∣∣∣ < ε (2)

Where ε is the desired precision.

a) Write a C++ program that produces for a given argument x a table of the form
N sum(N) |sum(N)− exp(x)|/ exp(x)
where exp(x) uses the builtin exponential function. Use ε = 10−8. (3 P)

b) Check that for small negative x your good algorithm converges, and that it converges to
the correct answer. (1 P)

c) For increasing (“more negative”) |x|, show that the good algorithm converges, but not to
the correct value. Show that for larger |x| not even convergence is given, e.g., test for
exp(−100). (1 P)

d) Compare your results, i.e. repeat the steps above, by using the bad algorithm. Also, what
happens if ε is close to the machine precision? How does your algorithm improve (better
algorithm) when you avoid subtractive cancellation completely? (3 P)

4. Task Graphical output in an X window with Xgraphics and a simple makefile (5 P + 3 BP)
For showing animated output of our simulations we will use the X11-based library (it is more
like a wrapper) Xgraphics1. All necessary files can be found here.

a) Compile and run the first demo program shown in section 5 of the Xgraphics manual. (3
P)
Try to understand the basic elements of this example.
For compilation and linking you can use the following syntax:

g++ -c Xgraphics.c

g++ -o program Xgraphics.o program.cpp -lX11

(Note that the library X11 is given with the option -lX11, where the letter after the - is
a lower case “`”.)

b) Create a makefile that executes these commands when make is called. Implement also
make clean.
Important note: For efficient and meaningful use of make you should get used to create a
separate directory for each project. (2 P)

c) As a preparation for the upcoming programming tasks:
Write a program that shows an animated point on a circular orbit. (3 extra P)

1You can also find Xgraphics.h, Xgraphics.c and the manual Xgraphics.pdf in my home directory at ~htodt on
the student’s computer cluster.

http:www.astro.physik.uni-potsdam.de/~htodt/ca/Xgraphics/

